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Introduction
ECENT years have witnessed the affirmation of both flux-
vector and flux-difference techniques! for the accurate numer-
ical simulation of compressible fluid flows. Two of the most popu-
lar schemes have been proposed by Roe and Van Leer, respec-
tively, and are widely utilized for both inviscid and viscous
calculations. However, robustness problems have been experienced
by some users of the Roe scheme,” and the Van Leer technique has
been shown to be too dissipative for viscous calculations.®
In a related study,* the authors investigated the advantages and
drawbacks of a new flux-splitting scheme proposed by Liou and
Steffen,® when compared with the algorithms developed by Van
Leer and Roe. The comparison involved inviscid and viscous
flows in one and two space dimensions. In the following, a brief
summary of those findings is given.

Numerical Formulation

The governing equations for viscous flows are discretized in
space using upwind technology, in conjunction with a finite vol-
ume approach.’ Three different flux-splitting schemes are imple-
mented for the discretization of the inviscid fluxes, and second-
order central differences are utilized for the viscous fluxes.

Two different techniques have been implemented to advance
the numerical solution in time: an explicit m-step Runge-Kutta
algorithm® and a fully implicit modified two-step factorization
technique.® The Runge-Kutta algorithm with two or more steps is
second-order accurate in time and is particularly useful for
unsteady simulations. The implicit formulation can be made sec-
ond-order accurate in time by means of inner iterations to the
unsteady residual.®

The convergence rate to steady-state solutions is enhanced by
means of mesh sequencing, whereby the computation is started
impulsively on a coarse grid, and after a convenient residual reduc-
tion, the partially converged solution is extrapolated to a finer grid.
This technique allows for an inexpensive resolution of the initial
transient, which is typically responsible for a large portion of the
total CPU time required for a given simulation.

Three flux-splitting schemes are compared in the following. The
first one was originally proposed! by Van Leer. The second one
was proposed by Liou and Steffen,? is similar to Van Leer’s, and is
also based on the splitting of a velocity parameter and the pressure.
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The splitting formulas are the same ones employed by the previous
scheme, although a lower-order splitting for the pressure is intro-
duced and recommended by the authors over the “standard” for-
mula. The algorithm differs from the previous one in the treatment
of the convective contributions to the inviscid fluxes. Finally, an
approximate Riemann solver of the Roe type! is implemented and
compared with the previous techniques.

Numerical Results

Numerical results for seven test cases, four inviscid and three
viscous, were obtained in a related study.* The explicit two-step
Runge-Kutta time integration scheme was adopted for the unsteady
cases and the fully implicit modified two-step algorithm for the
steady results. Unless otherwise stated, the space discretization was
second-order accurate. The Van Leer limiter® was employed to cor-
rect the extrapolation of the primitive variables, which is necessary
for the determination of left and right states to be utilized in the
splitting algorithms, according to a Monotone Upstream-Centered
Schemes for Conservation Laws (MUSCL) type logic.”

In the following, the major features of two of those test cases
will be detailed.

Shock Reflection off of a Solid Wall

A shock tube simulation was selected as a simple unsteady test
case with a known exact solution. The pressure and density ratios
were selected to be 10:1, consequently, the temperature ratio
between driver and driven sections was 1. The calculation utilized
400 points over a distance of 1 m, with the initial discontinuity
located at a distance of x=0.25. The nondimensional time step
utilized to advance the solution was Afr=35 X 107%, and the refer-
ence values chosen for the nondimensionalization were the density
and speed of sound in the driven section. The maximum Courant-
Friedrichs-Lewy (CFL) number registered was of the order of 0.4.

The calculation was continued until the shock reached the end
of the tube and reflected off of it. A solid wall boundary condition
was imposed. Both characteristic-variable boundary conditions®
and a straightforward imposition of zero pressure gradients/zero
velocity at the wall were implemented, and the final results were
insensitive to the choice made. The same boundary conditions
were employed for all three techniques.

Figure 1 shows temperature plots for the three schemes at a non-
dimensional time #=0.6, which corresponds to conditions after
reflection at the wall but before impact between the reflected
shock and the contact discontinuity; Fig. 2 depicts temperature at
time £=0.725, after the impact with the contact discontinuity but
before contact with the expansion region. The light line represents
the exact solution. The heavy line represents the prediction from
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Fig.1 Temperature distribution in the shock tube at £=0.6.
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the Liou-Steffen algorithm, and the symbols correspond to Roe’s
and Van Leer’s schemes (only one point in five is shown). The
results show two distinct periodic oscillations. The first one, with a
period of 12-15 cells, is present in all three schemes in the wake of
the reflected shock and is damped in 4 to 5 periods. The second
one has a period of two cells, is superimposed on the first one, and
appears only in the Liou-Steffen scheme. This latter oscillation is
not attenuated.

To eliminate the possibility that the boundary condition at the
wall could have affected the results, we performed a simulation
with the solid wall replaced by an additional shock tube symmetric
to the first one. This resulted in two equal and opposite shocks col-
liding at the location of the original solid wall. The results for this
run were identical to those obtained with the solid wall. Calcula-
tions performed with the MINMOD limiter have resulted in the
same overall behavior. Changing the pressure splitting from the
low-order polynomial to the higher-order formula? yielded further
deterioration of the Liou-Steffen results. Finally, a run performed
using a Newton relaxation implicit algorithm with second-order
time accuracy® resulted in a solution essentially equivalent to the
explicit one.

The possibility that the MUSCL extrapolation technique might
be responsible for the high-frequency oscillations is currently
being investigated.

Laminar Flat Plate

The laminar flat plate is a useful preliminary test of the ability of
the different discretizations to yield accurate solutions in the pres-
ence of viscous phenomena. The predictions obtained from the
three algorithms were compared with the Blasius solution.
Although the latter is valid for incompressible flows, it is a reason-
able approximation of compressible flows with subsonic freestream
Mach numbers. The conditions selected for the test case are Mach
number M,,=0.5, Reynolds number based on the flat plate length
Re=1x10% and Prandtl number Pr=0.72. The computational
domain extends five plate lengths upstream, downstream, and
orthogonally to the plate. A mesh of 81 points in the freestream
direction, 50 of which are located on the plate, and 41 points in the
orthogonal direction is used. The stretching of the grid in the nor-
mal direction was varied to obtain a fine mesh, with a cell Reynolds
number of 1 x10! and 12-15 points in the boundary layer, and a
coarse mesh, with a cell Reynold number of 1 x10% and only 3-4
points in the boundary layer. The results for the fine mesh are in
good agreement with the Blasius solution. The wall temperature
obtained by means of the approximate formula
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Fig. 2 Temperature distribution in the shock tube at £=0.725.
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Fig. 3a  Velocity profile over a laminar flat plate; coarse mesh.
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Fig. 3b Temperature profile over a laminar flat plate; coarse mesh.

results in the value T,,/T.,=1.042, which is in excellent agreement
with the computational solution.

The coarse grid solution, shown in Figs. 3a and 3b, features a
satisfactory velocity profile for the Roe and Liou-Steffen algo-
rithms and a less than ideal behavior by the Van Leer scheme,
which has been found to be too dissipative for viscous solutions.’
The coarse grid predictions of the temperature show some degra-
dation in accuracy, and again the Van Leer results are the worst.
There is no significant difference between the Roe and Liou-Stef-
fen algorithms.

Concluding Remarks
If the present investigation was a contest for the title of “best
algorithm for the compressible Euler and Navier-Stokes equa-
tions,” there would probably be no clear winner. On the negative
side, the Roe scheme is not robust enough, especially for high-
speed problems, the Van Leer technique is not accurate enough for
viscous problems, and the Liou-Steffen algorithm shows a ten-
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dency toward spurious oscillations in both viscous and inviscid
problems. On the positive side, however, the Roe scheme is very
accurate, the Liou-Steffen technique rivals that accuracy at a
reduced cost, and the Van Leer algorithm can provide essentially
nonoscillatory solutions for hypersonic flow conditions. The
search for the optimal algorithm for compressible flows is proba-
bly still open.
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Nomenclature
a = coefficient in the discretization equation
p = pressure
s = source term
u = x-direction velocity
X = coordinate
y = coordinate
z = nozzle length
o = weighing factor
At =time step
Ax = x-direction width of the control volume
p = density
Subscripts
E = neighbor in the positive x direction, i.e., on the

eastern side
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= control-volume face between P and E
= central grid point under consideration
=neighbor in the negative y direction, i.e., on the
western side

SR

w = control-volume face between P and W
* = based on the guessed pressure

' = corrected value

Superscripts

0 = old value

T = for energy equations

U = for momentum equation

Introduction

ECAUSE of the difference in nature between compressible

and incompressible flows, different computational schemes
have been developed through the years to deal with these two
types of flows. In the case of compressible flows, methods have
been developed that use density as a primary variable. Such meth-
ods are known as density-based methods. Examples of density-
based methods are the well-known methods of MacCormack! and
Beam and Warming.? Unlike density-based methods, pressure-
based methods use pressure as a primary variable. Examples of
pressure-based methods are the well-known SIMPLE® and PISO*
methods.

The purpose of this paper is to investigate the differencing
scheme of density used for the convection terms in the momentum
transport equations. To provide a clear understanding, we will
discuss these concepts in the framework of a one-dimensional
scheme. Fortunately, all of these concepts as developed within this
one-dimensional framework are readily extended to two or three
dimensions.

Discretized Equations
Different methods can be used to discretize the equations of mo-
tion. In this paper the control-volume-based discretization scheme
described by Patankar® is applied. Discretization of continuity,
momentum, and energy equations leads to the following algebraic
equations:

o

Pp—p
ypr[ L ”j = (Pt PtpY,) )
Aplly = Agitg+ aylhy — by (Pp—Dp) +5p )
abT, = aLTy+ayTy +sp 3)

The solution of Eq. (2) using the guessed pressure field results in
the following equation for tentative velocities:

aiu; = apup+ayiy —by(pr—Dp) + s'f, 4)
If Eq. (4) is subtracted from Eq. (2), the following equation is
obtained:

u ’ U ’ u ’ u ’ ’
apUp = gy + iy =bp (P —pp) &)
where ’ is the velocity correction and p’ is the pressure correction.
The actual velocities and pressures are given by

u=u"+u

(6)
and

p=p"+p @)

If the terms ay u/E and ay, u'W in Eq. (§) are neglected, the follow-
ing equation for velocity correction is obtained:

Up = Dp(Pp=Pp) ®)



